Abstract-This paper investigates the stability issue of a discrete-time control system, where a state-estimate feedback controller (SEFC), digitally implemented with a fixed-point format, is used. A tractable closed-loop stability related measure is derived with finite-word-length (FWL) implementation consideration of the controller. The optimal realizations of the SEFC are defined as those that maximize this measure and can be shown as the solutions of a nonlinear programming problem. A sophisticated optimization strategy is presented to provide an efficient method for solving this problem, and a numerical example is given to illustrate the design procedure.
This paper addresses the stability issues of FWL SEFC's. We derive a tractable measure that quantifies the "robustness" of the closed-loop stability under the controller parameter perturbations, and develop an optimization procedure to search for the optimal controller realizations that maximize the defined measure. The paper is organized as follows. Section II is devoted to formulating the problem to be dealt with and establishing necessary notations. A stability related measure that can be computed easily for a given SEFC realization is given in Section III. The optimal controller realization problem is also defined in this section. In Section IV, the optimization framework for obtaining the optimal FWL controller realization is presented. A numerical example is given in Section V to demonstrate the design procedure and the effectiveness of the proposed optimization method. Some concluding remarks are given in Section VI.
II. NOTATIONS AND PROBLEM STATEMENT
Consider the discrete-time closed-loop system with an SEFC, as shown in Fig. 1 . The discrete-time plant P (z), which is assumed to be strictly proper, is represented as x(k + 1) = A s x(k) + B s e(k) y(k) = Cs x(k) (1) with A s 2 R n2n , B s 2 R n2p , and C s 2 R q2n . The discrete-time SEFC C (z) is given bŷ x(k + 1) = Fx(k) + Gy(k) + H e(k) u(k) = Kx(k) (2) where F 2 R n2n , H 2 R n2p , the control gain K 2 R p2n , and the observer gain G 2 R n2q . The representation or realization for a given C (z) is not unique. In fact, if (F 0 , H 0 , K 0 , G 0 ) is a realization of C (z), all the realizations of C (z) form a realization set 
where T is any real-valued nonsingular matrix, called a similarity transformation. Define 
For a fixed-point processor of Bs bits = 2 0(B 0B ) (8) where B w is an integer and 2 B is a "normalization" factor to make the absolute value of each element of 2 0B w no larger than 1. With the perturbation 1w, i(A(w)) is moved to i(A(w +1w)), which may be outside the unit circle. Thus, the closed-loop system designed to be stable may become unstable with an FWL-implemented controller realization w.
It is, therefore, critical to know when the FWL error will cause the closed-loop system to become unstable. This means to compute the following stability measure [3] 0 (w) 1 = inf (1w): A(w + 1w) is unstable : (9) The larger 0 (w) (7)- (10), it can be seen that the closed-loop system is stable when w is implemented with a fixed-point processor of at leastB min s0 bits. Moreover, as the stability measure 0(w) is a function of the controller realization w, we can search for an "optimal" realization that maximizes 0 (w): w opt = arg max w2S 0 (w):
The difficulty with this approach is that computing explicitly the value of 0(w) is still an unsolved open problem. Thus, the stability measure 0 (w) and the optimization procedure (11) have very limited practical
value. An alternative measure that can not only quantify the FWL effects on stability robustness but can also be computed easily must be sought.
III. A TRACTABLE STABILITY RELATED MEASURE
Roughly speaking, how easily the FWL error 1w can cause a stable control system to become unstable is determined by how close 
we have the following proposition, the proof of which is straightforward.
Proposition 1:
A(w + 1w) is stable if 1w 2 P(w) and
Remarks: The requirement for 1w 2 P(w) is not over-restricted. In practice, we will only be interested in those 1w that lie in the bounded region: Q(w) 1 = f1w: (1w) < 0(w)g, i.e., those 1w that will not cause the closed-loop instability. Since @ l =@w j is continuous 
where C is the oriented segment from w to w + 1w, aj and bj are some points on C. 
Note that all of the N real-valued items j@ l =@w j j w j are in alignment;
while the N complex-valued items 
The above analysis shows that P(w) exists and at least a large part of Q(w) is covered by P(w).
Generally speaking, there is no rigorous relationship between 0 (w) and 1(w), but 1(w) is connected with a lower bound of 0(w) in some manners. Define
Proposition 2: 1(w) 0(w) if (P(w)) > 0(w).
Proof: From the definition of (P(w)) and the condition (P(w)) > 0 (w), a 1w 2 P(w) exists such that 0(w) = (1w) and A(w + 1w) is unstable. It follows from Proposition 1 that 0 (w) 1 (w).
From Proposition 2, it can be seen that 1(w) can be considered as a lower bound of 0(w), provided that 0(w) is small enough. The assumption of small 0 (w) is not too restricted, as it does not make much sense to study the FWL effects on the closed-loop stability for those situations where the closed-loop systems have a very large stability robustness. Most digital control systems do have a small stability robustness, especially when fast sampling is applied.
To compute 1 (w), one needs f@ i =@w j g, which can be calculated with the following theorem. A proof of this theorem can be found in [4] . 
which will be discussed in the next section.
IV. OPTIMIZATION PROCEDURE
With the computationally tractable stability related measure 1(w),
we now present a practical optimization procedure to search for an optimal controller realizationŵ opt defined in (31). 1 Assume that an initial controller realization (F0, H0, K0, G0) has been provided.
For example, the observer gain G 0 is obtained using some observer design method with given observer poles, the state-feedback gain which means that finding an optimal realization of the SEFC is equivalent to obtaining a similarity transformation that is a solution to the following nonlinear optimization problem: 
To find a T opt , we will adopt an iterative optimization procedure to generate a sequence fT0, T1, T2; 111g, which converges to Topt.
The optimization (41) is constrained. Define 1 = fT 2 R n2n :
det(T) = 0g. As is only a manifold in R n2n , starting from a T 0 = 2 , it is rare for an iterative sequence fT i g to move into . Thus, in the iterative procedure, the constraint det(T) 6 = 0 can practically be ignored, leading to an unconstrained optimization problem:
The possible pitfall of violating the constraint can readily be avoided by the following measure. As the inverse of T is required in the computation of f (T), it is obtained using the singular value (SV) decomposition. If an SV of T is too small, T is almost singular and a small perturbation In is added to T so that T + In = 2 . This small perturbation, which is rarely needed, will not affect the convergence of the iterative procedure.
Because the cost function f (T) is nonsmooth and nonconvex, optimization must be based on a direct search without the aid of cost function derivatives. The conventional optimization methods for this kind of problem, such as Rosenbrock and Simplex algorithms [10] , [11] , generally can only find a local minimum. Although the choice of initial realization will not affect the closed-loop eigenvalues, the eigenvalue sensitivities @i=@w, 8 i depend on the chosen initial realization. Thus, for different w 0 , the shape of the cost function f (T) will change, giving rise to a different degree of difficulty in the optimization procedure. It is therefore important to use an efficient, and preferably global, optimization method. We adopt a global optimization strategy based on the adaptive simulated annealing (ASA) [12] , [13] to search for a true global optimumŵopt.
V. ILLUSTRATIVE EXAMPLE
This section presents a numerical example to illustrate the design procedure and how the proposed optimization approach can be used effectively to search for the optimal FWL realization of SEFC's. This example was taken from [9] . The discrete-time plant P (z) was given The corresponding transition matrix A(w 0 ) was formed, from which the poles and eigenvectors f0j, x0j, y0j, j = 1; 111 ; 6g of the ideal closed-loop system were computed.
The ASA algorithm was used to search for an T opt by solving the optimization problem (41), and it produced the following solution: It can be seen that, for this example, the optimization achieved an improvement by a factor of 30 on the closed-loop stability related measure and an 8-bit reduction in the required minimum bit length.
VI. CONCLUSIONS
In this paper, we have presented an approach to address the stability issues of the closed-loop discrete-time system where a state-estimate feedback controller is implemented with a fixed-point processor. An FWL closed-loop stability related measure has been derived, which is computationally tractable. As this measure is a function of the controller realization; the optimal realization problem of state-estimate feedback controllers is to find a realization that maximizes this measure. It has been shown that this optimal realization problem can be interpreted as a nonlinear programming problem. An efficient global optimization strategy based on the ASA algorithm has been adopted to solve this nonsmooth and nonconvex optimization problem.
